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Resonant power absorption is an important phenomenon during microwave heating.
The resonances that occur when plane electromagnetic waves are incident on infinitely
long cylinders and slabs are investigated as a function of sample dimensions. For cylin-
ders two kinds of incident waves are studied: TM* when the electric field is oriented
along the axis of the cylinder and TE* when the magnetic field is oriented along the
axis. At a resonant condition the average power absorbed by the sample is a local
maximum. Due to attenuation within the sample the resonances decrease in intensity as
the sample size increases. Using the dielectric properties of water, resonances are found
to be a function of the ratio of the sample dimension to the wavelength of radiation, A,
in the sample. For slabs of thickness L and integer values of n, resonances occurred at
L/A, = 0.5n; for cylinders of diameter D, resonances occurred at D/A; = 0.5n — 0.257.
The generality of these relations to predict resonances in other food samples are shown
using existing dielectric data. Resonances in cylinders for both polarizations occurred at
similar radii. However, the radius at which the first resonance occurred for the TM*

case was absent in the TE? case.

Introduction

In microwave heating applications the amount of power
absorbed by the sample is dependent upon the frequency and
intensity of incident radiation. At a fixed frequency and in-
tensity of the incident microwaves, the amount of power ab-
sorbed is determined by the geometry and dielectric proper-
ties of the sample. The spatial distribution of absorbed power
is deduced by solving Maxwell’s equations, and the tempera-
ture rise in the sample is obtained by an appropriate energy
balance.

In a recent study by Barringer et al. (1994) heating rates of
cylindrical samples of oil and water were compared. The ex-
periments were conducted in a commercial domestic oven and
in a customized oven built with a unidirectional microwave
source to mimic plane waves. An important feature of this
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study was the resonant heating behavior that was observed in
the customized oven when the radius of the cylinder was var-
ied. At a resonant condition the power absorbed by the sam-
ple increases sharply. The resonances occurred with decreas-
ing intensity as the sample radius was increased, and the
heating rate was found to increase significantly during a reso-
nance. The cylinder radii at which these resonant heating
conditions were observed in the customized oven were in ex-
cellent agreement with those predicted by solving Maxwell’s
equations for a plane-wave incident on an infinitely long
cylindrical sample.

Ohlsson and Risman (1978) have conducted microwave
heating experiments at 2,450 MHz on spherical and cylindri-
cal samples. Pronounced heating in the center of the object
was observed for spheres and cylinders with diameters in the
ranges of 2—6 cm and 1.8-3.5 cm, respectively. During hyper-
thermia, where the human body is exposed to low-intensity
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radiation, frequencies at which resonances occur must be
avoided. Much of the early work on resonant power absorp-
tion studied the effect of electromagnetic absorption in cylin-
drical and spherical models of man. Massoudi et al. (1979a,b)
studied the average power absorbed in homogeneous and
multilayered cylindrical models by varying the frequency of
radiation for a sample with fixed diameter. Average powers
were calculated for frequencies in the 20-10,000 MHz range.
The frequency dependence of the dielectric properties of
materials used in their study were not reported. Their calcu-
lations showed the presence of resonances only in the multi-
layered samples. Ruppin (1979) studied the average power
absorption for cylinders in the presence of a reflecting sur-
face in the 10-10,000 MHz frequency range. The dielectric
properties were assumed to be frequency dependent; how-
ever, in this frequency range no significant resonances were
observed in the absence of the reflecting surface.

Resonant power absorption in spheres is more pronounced
and has received greater attention. Weil (1975)
predicted the average power absorbed in spheres over the
frequency range 100-10,000 MHz. Dielectric data were as-
sumed to vary with frequency and were collected from a vari-
ety of sources in the literature. Calculations for spheres of
radius 3.3 cm and 6 cm show strong resonances when the
frequency is varied. Other studies on the absorption of power
in spheres are those by Kritikos and Schwan (1972), Lin et al.
(1973), Shapiro et al. (1971), Jones and Spiegel (1974), Mor-
gan (1981), and Tuntomo et al. (1991).

Resonant power absorption can cause superheating in lig-
uid systems. This phenomenon has been used in the design of
cylindrical reaction vessels to take advantage of the higher
reaction rates due to the increase in temperature (Michael et
al., 1991). Pangrle et al. (1991), while studying thawing of
cylindrical samples exposed to a radially symmetric mi-
crowave field, observed sharp increases in the front velocity
due to resonant power absorption. The enhanced heating rate
during a resonant condition may lead to runaway effects. To
effectively design and control microwave-related processes it
is useful to have a knowledge of when resonant power ab-
sorption occurs.

Though the literature on electromagnetic scattering and
absorption with cylinders is quite extensive, a systematic study
of the resonance phenomenon as observed by Barringer et al.
(1994) has not been reported. Fu and Metaxas (1992) ob-
served an oscillatory behavior in the power-absorption coeffi-
cient in slabs. Resonant power absorption in slabs has re-
ceived very little attention in the literature.

Using the dielectric properties of water over the frequency
range 1,100-57,000 MHz we systematically investigated
resonances that occur in cylindrical and siab-like samples
exposed to plane waves. In the case of the cylinder, two kinds
of incident-wave polarizations were studied. When the inci-
dent electric field is along the axis of the cylinder, it is
referred to as the TM? polarization, and when the electric
field is perpendicular to the axis, it is referred to as TE* po-
larized. The electric field and power distributions for both
polarizations are derived from analytical solutions of
Maxwell’s equations. Resonances are found to be systematic,
and linear relations that can be used to predict these reso-
nances are obtained. The generality of the relations to pre-
dict resonances in other cylindrical and slab-shaped samples
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of food materials is illustrated using dielectric properties tab-
ulated in the literature.

Theory

Maxwell’s equations govern the propagation of electromag-
netic radiation. By solving Maxwell’s equations the spatial
variation of the electric field, E, within the sample is ob-
tained and the volumetric power absorbed is

1
P(r)=5weox”E-E*, n

where ¢, is the free-space dielectric constant and w = 27f,
where f is the frequency of radiation and «” is the relative
dielectric loss of the sample. In Eq. 1, E* is the complex
conjugate of E. The spatially varying microwave power from
Eq. 1 is averaged to predict the average power P absorbed by
the sample

Pat @

where () represents integrations over the volume of the sam-
ple. Local maxima in the plot of average power vs. sample
radius for cylinders, and sample thickness for slabs, indicate
the dimensions at which a resonance occurs.

The wavelength within the sample A, and the penetration
depth D,, influence the absorption of power during mi-
crowave heating. They are both functions of the relative di-
electric constant «’, and the relative dielectric loss ", of the
material. The wavelength of radiation, A, in the sample is

A
A= 2 .
= ‘/1+(K")2+1
2 K’

The penetration depth, D, or distance at which the incident

electric field has decayed to 1/e of its incident value, is

A
D,= - :
K" \2
m/zx'\/\/u(—,) -1
K

Two incident plane-wave configurations on the infinite
cylinders as illustrated in Figure 1 have been studied.

3)

)

Cylinder: TM* polarization

In this case the incident electric field is oriented along the
axis of the cylinder. The electric-field distribution in a cylin-
der of radius R, obtained by solving Maxwell’s equations with
a time dependence of the form e~'“’ (Ayappa et al.,, 1992;
Balanis, 1989), is
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Figure 1. Two kinds of incident wave polarizations.

When the incident wave has its electric-field vector oriented
along the cylinder axis, the polarization is referred to as TM*
polarization, and when the electric field is perpendicular to
the axis, it is referred to as TE? polarization.

E r,¢)= Y a,] (kr)cosné, 5
n=0

0<r<R,

where the coefficients

T (ko RYH® (ko R) - J, (ko RYH® (ko R)
a,=E,¢€,i" ;
Vic* IL(kR)H®O (ko R) — J,(kRYHM (ko R)
(6)
and
e =1L n=0;
" 2, otherwise.

4

k* =k’ +ix" is the relative complex permittivity, H(" is the
Hankel function of the first kind, and J, is the nth-order
Bessel function of the first kind (Abramowitz and Stegun,
1970). In the preceding equations, i =y —1 and the magnetic
permeability of the sample is assumed to be that of free space.
In Eq. 6, the propagation constant in free space

ko=Qm/Ay), @)
and the propagation constant in the sample
k=Qu/M Ve +ik". (8
Using the dimensionless variables

E
u—EO, p=

and v =kR, 9

the expression for dimensionless average power in the cylin-
der for transverse magnetic polarization is

L -
1f>(""=—f1 [2 wi* pdpdg. (10)
Mip=07¢=0
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Substituting the expression for the electric field in Eq. 10,
and using the orthogonality of cosn¢; 0 < ¢ <27, the re-
sulting expression for the average power is

Pm= % 8,b,1,,, (11)
n=0
where
S F b, =2
" (1, otherwise, " E}’
and

L= [ p0,0v0)],(y") dp
0
1
= WIYJn(Y*)Jn+ W) =y* L (DT, (y9], (12)

v* is the complex conjugate of vy, and |a,| denotes the modu-

lus of a,. The integral in Eq. 12, which involves the product
of two Bessel functions, is known as the Lommel! integrai
(McLachlan, 1934; Watson, 1966). Details of the derivation
for Eq. 11 are given in the Appendix. Given the dielectric
properties of a material at a particular frequency, Eq. 11 can
be used to obtain the average power absorbed in cylinders as
a function of R.

Cylinder: TE* polarization

The solution for the TE? polarized wave consists of first
obtaining the solution for the magnetic field in the sample.
The magnetic field induced in the cylinder of radius R is

H,(r,¢)= Y. c,J (kr)cosno. (13)
n=20
0<r<R,
where
Hoeir Jiky RYH®P (koR)— J, (kg RYH (ko R)
Cn = F0& i JI(kRYHD (ko R) — 1,(KR)H, " (kg R)
(14
and
€ = 1, n=0;
" 2, otherwise.

With a knowledge of the magnetic field the electric-field
components are deduced from

1 4H,
(15)

E, =
® " iwegk* or

and

March 1997 Vol. 43, No. 3 617



-1 4H,
E,=— (16)

T irwegk* 9o

Using the dimensionless variables

E
u¢=—d) and u,=
E,

the expression for the dimensionless average power in the
cylinder for the TE? polarization is

1 . 2m
Ple=— *+uu*lpdpdd. 17
e WL=Of=0[u¢u¢ uuylpdpde.  (17)

Inserting the expressions for u, and u, from Egs. 15 and 16
into Eq. 17, we get

1 *
Pcte= 2d()11,1 + E Z dn[1n+l.n+l + In—l.nf]]’ (]8)

n=1
where

e, |2
d,=——a——— n=0,...,x.

n / 5
2 2
F[Z ' ”

In the preceding equations |c,| is the modulus of ¢, and the
integrals 7, , are given in Eq. 12. The derivation of Eq. 18,

which is a little more detailed than that of Eq. 11, is given in
the Appendix.

Slab

The expression for the power absorbed by a slab of thick-
ness L exposed to a plane wave, which was derived in an
earlier work on microwave heating of slabs (Ayappa et al.,
1991), is

R and 8 are the modulus and the phase angle of the reflec-
tion coefficient, and T is the modulus of the transmission
coefficient. In Egs. 20, 21, and 22, «, the phase factor and 8,
the attenuation factor in the sample, are related to the pene-
tration depth D, and wavelength A, by

D,=— and A= —, (23)
14 B a
and in free space Ay= 2m/a,. Using the dimensionless vari-

ables x = z/L, the expression for the dimensionless average
power in the slab is

P, = ['P(x)dr. (24)
0

The integral in Eq. 24 can be evaluated analytically using the
expression for power from Eq. 19.

Results and Discussion
Dielectric properties

Average power distributions as a function of the cylinder
radius R, and slab thickness L, were calculated for water
over the frequency range 1.1-57 GHz. All computations for
the average power were carried out for an incident plane-wave
intensity I, of 3 W-cm~2. The incident electric field E, is
related to I, by the following relationship:

21,

—. (25)

ceqy

The average power as a function of sample radius for the
TM? polarization was calculated using Eq. 11. The accuracy
of the average power computed with the series expression

was checked by direct integration of Eq. 10. The integrations
were performed using finite-element biquadratic basis func-

E,

e %P7 —2Re 2Bl cos[ & +2a(L — z)] + R2e™ 2Bl 28(L-2)

1
P(z)= Eweok”EgTz

O<z<L,

where
4a§
T=y ——F— 20)
(ag+a) + B2
— 2+ 2
Ry ZoZ )+ A a)2 B (21)
(ap+ a) + B2
and

2
8=tan“[( % B ] (22)

a2+32-a§
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1-2R%e %L cos(286 +2al)+ Rie *F*

(19)

tions on a 144-element mesh. The values of the average pow-
ers obtained by both methods were in excellent agreement.
Typically about 15-20 terms were used to evaluate the series
in Eqgs. 11. For the TE? polarizations the power was calcu-
lated using Eq. 17. Since all our results were based on calcu-
lations for TM? polarization, Eq. 18 was not evaluated.

The dielectric properties of water have been tabulated for
frequencies ranging from 1.1 to 57 GHz and temperatures
varying from 273.15 to 323.15 K by Kaatze (1989), who fit the
data to a Debye model of the form

Ko — Kx

(26)

K +ik" =, + —
1—iwr
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Figure 2. Relative dielectric loss «” and relative dielec-
tric constant «’' of water as a function of fre-
quency, predicted by the correlation from
Kaatze (1989), Eq. 26.

where the static dielectric constant,

- 37—
KU=101.94404 99X 10T -273.15)

the optical dielectric constant,
K, =5.77-274x10"%(T —273.15),
and the relaxation time constant is

T =3.745x 10" 55[1+(7x1075)
X (T —300.65)*]exp(2.2957 x 10%/T).

In the preceding expression T is the temperature in kelvins.
Expressions for the dielectric constant and dielectric loss are
obtained by equating real and imaginary parts of Eq. 26.

Figure 2 illustrates the dielectric constant ' and the di-
electric loss «” at 298 K as a function of frequency, as pre-
dicted by Eq. 26. Using Egs. 3 and 4, the wavelength, A, and
penetration depth, Dp, were calculated as a function of fre-
quency, and are plotted as shown in Figure 3. Both A, and
D, decrease with increasing frequency. At low frequencies
D, is significantly larger than A,.

Resonances in cylinders and slabs

Figure 4a illustrates the average power as a function of
R/A; for TM? and TE* polarizations for water at f= 2,450
MHz. At this frequency k' =77.22, k" =9.18 and A,=1.39
cm and the penetration depth D,=3.73 cm. The average
power for the TM? case is much greater than the TE* case,
indicating that the coupling is more effective when the elec-
tric field is oriented along the sample axis. The difference in
the average power is greater for cylinders with small radii,
and in the large cylinders the average power is independent
of the polarization of the incident wave. The local maxima in
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As and Dp

) 2 a4 6 8
Frequency, GHz

Figure 3. Wavelength A, and penetration depth D,, for
water as a function of frequency calculated
from the dielectric data of Kaatze (1989) for
water.

At low frequencies the D, is much larger than A;. However,
above 7 GHz their magnitudes are comparable, with A; be-
ing slightly larger than D,

the average power indicate cylinder radii at which resonant
power absorption occurs. At these radii the waves within the
sample interfere constructively, increasing the power absorp-
tion. At cylinder radii between two power maxima the inte-
rior field interacts destructively, giving rise to a minimum in
the average power absorbed. Reflections off the back face
weaken as the sample diameter increases and resonances de-
crease in intensity.

At smaller radii the average power for the TM~* case ap-
proaches a constant value. However, for the TE® case the
first resonance occurs at a radius corresponding to the radius
at which the second resonance occurs for the TM~ case. As
the sample radius decreases for the TM? polarization, the
absorbed power shows little spatial variation, and below the
sample radius at which the first resonant peak occurs, the
power in the sample reduces to a constant as the radius is
further decreased. The limiting value of the absorbed power
as the radius approaches zero can be examined by using the
asymptotic forms of the special functions (Abramowitz and
Stegun, 1970) in the expression for the electric field given by
Eq. 5. As the sample radius decreases, the asymptotic value
of the induced electric field approaches the incident field
strength E,, and the power absorbed by the sample reduces
to the constant value

1
P= 5 @€ k"EZ. @n

The value of the power calculated using Eq. 11, for small
radii, agreed very well with the power deduced from the
asymptotic limit, Eq. 27.

Equations 14, 15 and 16 for the TE? polarization, show
that the magnetic field behaves in a qualitatively similar man-
ner to the electric field in the TM” case. Since the electric
field in the TE? polarization is obtained by taking derivatives
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Figure 4. (a) Comparison of average power absorption
for the TMZ and TEZ polarizations; (b) aver-
age power for slabs.

The frequency of radiation f= 2,450 MHz, A;=1.39 cm, DP
=3.73 cm, k' =77.22, and x” =9.18. With the exception of
the first resonant condition, the R/A; ratios at which reso-
nances occur are identical in both samples. The average
power absorbed for the TM? case is much higher for the
smaller samples. The difference between the maximum and
minimum power plotted for the TM ? case illustrates that the
power distribution is most nonuniform when a resonance
occurs.

of the magnetic field, the constant value of the induced mag-
netic field at smaller radii causes the electric field and hence
the power to tend to zero.

In most microwave heating applications it is desirable to
maintain a uniform temperature in the sample. The uniform-
ity of sample temperature is dependent on the spatial distri-
bution of power. To assess the extent of the spatial variation
of power in the sample, the difference between the maximum
and minimum power, P, — P, in the sample at a given
radius is also plotted in Figure 4a. The greatest spatial varia-
tion in power is seen to occur at the second resonance. The
maxima in P, — P_.. occur at identically the same radii at
which these resonances occur. Thus during a resonance, in
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addition to the sample heating at a higher rate, the nonuni-
formity in heating is also accentuated.

Also of interest is the spatial distribution of power during a
resonance. For the first and third resonances the maximum
power peak is located at the center of the cylinder with the
maximum in the center being very pronounced for the third
resonance. At other resonances no systematic behavior in the
power maximum was observed. Ohlsson and Risman (1978)
in an experimental study of microwave heating in a commer-
cial oven (34x31.2%30.8 cm) observed that center heating
was predominant for cylinder diameters between 2.0 and 3.5
cm. Using the dielectric properties of the phantom food used
in their study, the third and fourth resonance predicted by
Eq. 11 occurred at diameters 2.1 and 2.9 cm. Ohlsson and
Risman (1978) report that at a diameter of 2.5 cm the heating
at the center was most pronounced. This appears to be con-
sistent with our observation that at the third resonance the
power deposited in the center is a maximum; however, the
diameter at which the resonance occurs can only be esti-
mated from the plane-wave model developed here.

In a recent work (Barringer et al., 1994) we have compared
the heating rates of cylindrical samples of water and ob-
served the presence of resonant heating conditions depend-
ing on the radius of the sample. The experiments were car-
ried out in a customized oven built to mimic a plane-wave
configuration. The radii at which resonances occurred were
accurately predicted using the average power distributions for
the TM? polarized wave. In similar experiments carried out
in a domestic oven, resonances were not observed (Barringer
et al., 1994) and heating rates simply decreased with in-
creased radius. In addition to the complex standing-wave pat-
terns produced within the oven, the location of the sample
within the oven influences the power absorption. Resonances
predicted using plane waves give an estimate of a possible
resonance situation that might occur in an oven. In general
the plane-wave model must be used with caution while trying
to predict resonances in a cavity.

Figure 4b illustrates the average power vs. L/A, for f=
2,450 MHz. Here again the average power is oscillatory, giv-
ing rise to resonances. For thin slabs the power absorption is
seen to rise to a maximum value. The values of P, — P,
illustrate that the power is uniform in thin slabs and is most
nonuniform during a resonance. Fu and Metaxas (1992) have
observed the oscillatory behavior in the absorption coeffi-
cient (which is related to the total power absorbed) of slabs.
Unlike in the case of the cylinders, the power profiles for the
slabs show no pronounced heating in the center.

Relations for resonances

In Figure 5a the dimensionless average power for the TM?
polarization is plotted against R/A, for three different fre-
quencies. The resonances are seen to occur at fixed R/A; ra-
tios. A similar plot for slabs is shown in Figure 5b, where
resonances occur at fixed L/A, ratios.

The R/A, and L/A, ratios were calculated from plots simi-
lar to Figures 4a and 4b, for frequencies ranging from 1,100
to 5,700 MHz, in the following manner. In this frequency
range the wavelength of radiation in the sample varies from
0.61 cm at 5,700 MHz to 3.08 cm at 1,100 MHz. For each plot
of average power vs. sample radius, corresponding to a par-
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Figure 5. Dimensionless average powers for the cylin-
der and slab plotted against (a) R/, and (b)
L/ A, ratios for three different frequencies.

Resonances are seen to occur at a fixed sample dimension-
to-wavelength ratio.

ticular value of A,, the radii at which resonances occurred
were located numerically using a simple finite-difference
slope criterion and plotted against the wavelength A; as illus-
trated in Figure 6a. In Figure 6a, the cylinder radii at which
resonances occur at a fixed A, are plotted along the y-axis.
As A, in the sample increases, resonances occur at larger
radii. The resonant cylinder radii were calculated for the TM*
polarization. In the case of the TE? polarization the first res-
onance was absent but all other resonances occurred at iden-
tical radii, as shown in Figure 4a. All the lines extrapolate
back to the origin, illustrating that as the wavelength ap-
proaches zero, resonances no longer exist. As the frequency
increases, the penetration depth decreases rapidly, as seen in
Figure 3, and the number of resonances observed are fewer.
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Figure 6. (a) Cylinder radii R at which resonances oc-
cur are plotted vs. A,; (b) data plotted for
slabs.

In (a) each resonant peak is seen to occur at a fixed R/A;
ratio. As the wavelength increases, the resonances occur at
larger radii, and as the wavelength approaches zero all the
lines extrapolate back to the origin, indicating that no reso-
nances are observed. For small values of A corresponding
to higher frequencies the penetration depths are smaller
than the wavelengths (Figure 3) and fewer resonances are
observed. In (b) the resonances in slabs are much weaker
than in cylinders, and slab thicknesses up to 7 resonances
are shown.

The data for slabs were obtained using a similar procedure
and are illustrated in Figure 6b. From Figures 6a and 6b the
R/A, and L/A, ratios were computed by using linear fits to
the data. Though Figures 6a and 6b can be used to find the
dimension at which a particular resonance occurs when A, is
known, a more concise relation is illustrated in Figure 7. The
D/A, and L/A, ratios are plotted against the integer number
n, corresponding to a particular resonance. For the first reso-
nance, n=1, 2 for the second, and so on. The linear least-
squares fit obtained for the cylinders is
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n =1 corresponds to the first peak, n = 2 to the second, and
so on. Using this relationship, and the value of A, calculated
from the dielectric properties, the sample dimensions at
which a resonance occurs is easily determined.

=0.51-0.257 (28)

n=1,...,12,

where D is the diameter of the cylinder and the linear rela-
tion for slabs of thickness L is

L
A_s =0.5n, (29)

n=1,...,7.

To avoid the presence of a physically unrealistic intercept,
the data for Eq. 29 were fitted by constraining the fit to pass
through the origin. The fit in the absence of the constraint
yielded an intercept of 0.001. The resonances in the slab were
weaker than the resonances in the cylinder and data for only
seven resonances were obtained. From Egs. 28 and 29, and a
knowledge of A,, the cylinder diameter D and slab thickness
L, at which a particular resonance occurs can easily be deter-
mined. n=1 corresponds to the strongest resonance and
n =12 to the weakest.

Predicting resonances in food samples

Equations 28 and 29 were derived using the properties of
water over the frequency range for which data were avail-
able. The applicability of the relations, Eqgs. 28 and 29, to
predict resonances in slabs and cylinders of other food mate-
rials was tested using dielectric properties tabulated in the
literature. Using Eq. 3, A, was calculated and the resonances
were located with the analytical expressions for average
power, as was done earlier. In Figures 8a and 8b the radii at
which resonances occurred in the samples are plotted vs. the
sample dimensions predicted by Eqgs. 28 and 29. The dielec-
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Figure 8. Cylinder radius (a) R and slab thickness (b) L
at which resonances occur in a variety of food
samples are plotted against A.

The dielectric data of the samples that were used are given
in Table 1. The symbols represent the resonant sample di-
mensions and the solid lines represent the resonant dimen-
sions predicted by Eqgs. 28 and 29. The shaded symbols rep-
resent data for water. It is seen that the relations derived
using the dielectric properties of water can be used very ef-
fectively to estimate resonant dimensions in cylindrical and
slab-shaped samples exposed to plane waves.

tric data and the wavelength of samples used are given in
Table 1. Though the relation in Eqs. 28 and 29 was devel-
oped using the data for water in the wavelength range 0.61 to
3.08 cm and temperatures between 273.15 and 323.15 K, res-
onances in samples above this range appear to be predicted
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Table 1. Dielectric Data Used for Calculations in Figure 8

Sample f (MHz) K’ K’ A
Beef cooked 2,450 30.5 9.6 2.19
0.1 M NaCl 2,800 711 13.7 1.26
Beef raw 2,800 42.6 13.1 1.62
Carrots cooked 2,800 70.1 11.8 1.27
Liver 2,800 414 16.5 1.63
Gravy 2,800 76.1 24.1 1.21
Potatoes raw 1,000 65.1 19.6 3.67
Beef raw 900 49.2 25.6 4.6
Water (313 K) 900 67.8 1.36 4.04
Water (413 K) 900 43.7 03 5.03
Water (313 K) 450 69.2 1.18 8.0
Water (413 K) 450 454 0.68 9.88

Data taken from Ohlsson and Bengtsson (1975).

quite well. Most of the dielectric data in the 2,450-2,800 MHz
range correspond to wavelengths below 3.08 cm, and the data
for samples in the 450-900-MHz region lie above 3.08 cm.
The resonances for slab-like samples of water at 413 K and
A, =5.03 cm were predicted very well by Eq. 29; however,
only the first four resonances were predicted accurately by
Eq. 28 for the cylinders.

Conclusion

When a resonance occurs during microwave heating, the
power absorbed rises sharply, giving rise to unusually large
heating rates. To effectively develop, design and control mi-
crowave heating applications a prior knowledge of when these
resonances occur is imperative. A systematic study of this
phenomenon has not been reported in literature.

We have studied the conditions under which resonant
power absorption occurs when slabs and cylindrical samples
of water are exposed to plane waves. Our study illustrates
that these resonances are only a function of sample dimen-
sion and wavelength of radiation in the sample. In the case of
cylinders, resonances are independent of the polarization of
the incident wave. With the absence of the first resonant peak
for the TE? polarization, all other resonances were observed
to occur at identical cylinder radii for both polarizations.
However, the intensity of the average power absorbed in
smaller cylinders for the TE? polarization was much lower
than the TM? case. At a resonant condition the difference
between the maximum and minimum values of absorbed
power also show local maxima. Hence at a resonance, not
only is the heating rate increased but the uneven power dis-
tribution will accentuate the nonuniformity in heating.

At low frequencies the penetration depth of water is signif-
icantly higher than the wavelength of radiation in the sample,
and a number of resonant conditions were observed. As the
frequency increases the penetration depth decreases, and only
a few resonances are observed.

Based on the properties of water, a linear relationship be-
tween sample diameter/thickness to wavelength, and the in-
teger number of the resonance was found. With this simple
relation and a knowledge of the dielectric properties of the
sample, the sample dimensions at which a particular reso-
nance occurs can easily be determined. Using the dielectric
properties of a variety of food samples, the applicability of
the relations to predict resonances in samples other than wa-
ter is illustrated.
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Notation

E = electric field intensity, V-m™
H = magnetic field intensity, Amp-m~
P_= dimensionless average volumetric power absorbed in cylinder
P, = dimensionless average volumetric power absorbed in slab
o= free-space permeability, H-m ™!

w=angular frequency, rad-s™!

1
1

Subscripts and superscripts

¢ = cylinder
s=slab

tm = transverse magnetic
te = transverse electric
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Appendix

Average power for TM* polarization: Derivation for
Eq. 11

1 ™
P;’"=—f1 fz uu* pdpdd. (AD
T p=0"¢=0
Substituting
u= Y, b,J(yp)cosne, (A2)
n=0
where b, =a,/E,, v =kR, and p=r/R into Eq. Al,
1 x o€ I
Pin=— ¥ X bubt [ plu(yp)l(y*p)dp
Tm=0n=0 0
x [*7 cosmepcosndpdd. (A3)

¢=0

Using the orthogonality of cosn¢, 0 < ¢ < 2w, Eq. A3 re-
duces to Eq. 11,

P = % 8,500 )
n=0
where
5=y =l ,
" 1, otherwise, " EZ

Average power for TE* polarization: Derivation for Eq. 18

dl, (yp) n
———==vJ, . (yp)+ —J,(vp), (A6)
dp P
the expressions for
* n
up=73 d, ST =yl (yp)|cosnd - (AD)
n=10
and
T e
u,== Y, nd,J(yp)sinne, (A8)

Pn=0
where uy=E,/E, u,=E,/E;, 7=c/io(x'+ ik") R, and

d,=c,/H,. Substituting Eqs. A7 and A8 into Eq. A5 and
using the orthogonality of cosn¢ and sinng; 0 < ¢ <27

1
Pe =207 1d, [ 1y I? [0 L) (y*0)pdp
@ 5 51 n 2 .
+ L el 2| =) LGe) ()
n=1 0 4

n Yh
- ;v*Jn(vp)JM {y¥p) - —p—fﬁ Lyp)J,(y7p)

+ 97 (¥, (v¥0)] pdp. (A9)
Replacing J, using
2n
;;Jn(w) =J, 1 (yp) +J,_(yp), (A10)

the second integrand in Eq. A9 can be further simplified and

1 o
Pcte = 2|T|2|d0|217‘211,1 + E Z |T|2|dn12|')’|2[1,,+ 1.n+1

n=1

+1,_,,.,]. (A1D

Using the expressions for 7, d,, and y, Eq. All reduces to
Eq. 18,

1 x
P;e=2doll,1+5 Z dn[1n+1,n+1+1n—1.n—-l]’ (Alz)

n=1
where

2
e,

e —
V2 2
HOZ '+ K

Manuscript received Jan. 25, 1996, and revision received Sept. 6, 1996.

d

n=0,...,%,

1 1 27
Ple=— [u,u*+u u*lpdpdd. (AS)
‘n’j;=0f¢ -0 " pUplpap
Using Eqgs. 13, 15, 16, and
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